
VaR and Stress Test: The Impact of 
Fat-Tail Risk and Systemic Risk on 
Capital Requirements of Financial 

Institutions 

Jacky So, and Sio Chong U 



Outline 

• Objectives 

• Historical Crises 

• The Model 

• Extreme Market Losses (EML) and Tail Risk 
Tolerance (TRT) 

• Methodology, Data and Hypotheses 

• Empirical Results 

• Conclusion 

2 



Objectives 

• “Stress tests complement standard capital ratios 
by adding a more forward-looking perspective and 
by being more oriented toward protection against 
so called tail risks; by design, stress tests help 
ensure that banks will have enough capital to keep 
lending even under highly adverse 
circumstances...” Bernanke (2013) 

• Use “tail risks” employed by Bernanke (2013) and 
a unified approach recommended by Berkowitz 
(1999) and Kupiec (2000) to eliminate the 
weaknesses of the stress tests and VaR 
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Objectives 

• Proposed a statistically parsimonious model 
that allows stable Paretian distributions to 
capture the tail risk of the VaR as well as the 
“fat-tail” risk embedded in the “severe” stress 
scenarios 

• Proposed a new measure “Probability of EML” 
that is the actual likelihood of EML in the future 

• Proposed a new measure “Tail Risk Tolerance 
(TRT)”, it accesses the Probability of EML that 
the bank is able to bear without getting into 
bankruptcy 
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Historical Crises 

 

5 



Historical Crises 
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Figure 1: The density functions of normal distribution (the line with 

triangles), stable distribution (the line with circles) and empirical  

Distribution (histogram), the data is bond returns in 2006 
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Figure 1 (Continued) 
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The Model 

• Berkowitz (1999, 2000) recommend to partition 
the states of nature into normal and stress 
stages. 

• 𝑅𝑡 = 𝑃 𝐻𝑡 𝑓  

where 𝑅𝑡 is the portfolio returns of commercial banks, 
𝑃 ⋅  is the pricing model with factors 𝐻𝑡 and a 
simulated distribution 𝑓 ⋅  

• 𝑅𝑠,𝑡 = 𝑃 𝐻𝑡 𝑓𝑠  

where the subscript 𝑠 represents stressful economic 
conditions 
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The Model 

• Basak and Shapiro (1998) 
• Maximize: 𝔼𝑔 𝑈 𝑅𝑡+1  

• Subject to: Pr 𝑅𝑡+1 ≥ 𝑅 ≥ 1 − 𝑝 

• Berkowitz (2000) recommends to apply the optimal 
combination of normal and stress forecasts: 
ℎ 𝑔 𝑅𝑡 , 𝑔𝑠 𝑅𝑡  

• Maximize: 𝔼ℎ 𝑈 𝑅𝑡+1  

• Subject to: Pr 𝑅𝑡+1 ≥ 𝑅 ≥ 1 − 𝑝 

• Meta-distribution [Berkowitz (1999)] 

• 𝑥~  
𝑓 ⋅ with probability 1 − 𝛼

𝑓𝑠 ⋅ with probability 𝛼
 

 

10 



The Model 

• For normal distributions, risks are determined by 
the scale parameter: σ (one factor) 

• For stable Paretian distributions, risks are 
determined by three factors: 

(i) Characteristic exponent (α) captures the extra-
ordinary risk. 

(ii) Skewness (β) depicts the asymmetric 
movements of returns. 

(iii) Scale (c) values the ordinary risk. 
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The Model 

• Stress tests try to compensate the extra losses 
that is underestimated by VaR 

• Berkowitz (1999) proposes meta distributions 
to give a better estimate of the density function 
under normal and stress scenarios with a 
subjective probability 𝛼 

• Stable Paretian distributions provide a unified 
distribution with the tail fatter than normal 
without any subjective parameter  
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The Model 
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The Model 

• Stable-GARCH(1,1) and Stable-GJR(1,1) 

• 𝑅𝑖,𝑡 = 𝛿𝑖 + 𝜀𝑖,𝑡, 

• GARCH(1,1): 𝑐𝑖,𝑡
𝜂

= 𝜇𝑖 + 𝛾𝑖1 𝜀𝑖,𝑡−1
𝜂

+ 𝜙𝑖1𝑐𝑖,𝑡−1
𝜂

 

• GJR(1,1):  

𝑐𝑖,𝑡
𝜂

= 𝜇 𝑖 + 𝛾 𝑖1 + 𝜓 𝑖1𝐼
− 𝜀𝑖,𝑡−1  𝜀𝑖,𝑡−1

𝜂
+ 𝜙𝑖1𝑐𝑖,𝑡−1

𝜂
 

   where 𝐼− 𝑥 = 1, if 𝑥 < 0 otherwise is 0 

• For the stable Paretian distribution 𝜂 = 𝛼 

• For the normal distribution 𝜂 = 2 
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The Model 

• Develop from Bawa and Lindenberg (1977) 
and Ang et al. (2006): asymmetric systematic 
risk CAPM; Schwer and Seguin (1990): 
dynamic CAPM 

• 𝑅𝑖,𝑡 = 𝛿𝑖 + 𝑎𝑖 + 𝑏𝑖𝐼
− 𝑅 𝑚,𝑡

𝑐𝑖,𝑡

𝑐𝑚,𝑡
𝑅𝑚,𝑡 − 𝛿𝑚 + 𝑐𝑖,𝑡𝜉 𝑖,𝑡 

   where 𝑅 𝑚,𝑡 is the standardized market returns 
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The Model 

• stable: Residuals of 𝑅𝑚 (𝜀𝑚) are stably distributed 

• sstable: Residuals of 𝑅𝑚 (𝜀𝑚) are symmetric stably 
distributed 

• nstable: Residuals of 𝑅𝑚 (𝜀𝑚) are stably 
distributed with maximum negative skewness 

• normal: Residuals of 𝑅𝑚 (𝜀𝑚) are normally 
distributed 

• GED: Residuals of 𝑅𝑚 (𝜀𝑚) are generalized error 
distributed 

• student-t: Residuals of 𝑅𝑚 (𝜀𝑚) are student-t 
distributed 
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Systemic Risk 

• Acharya et al. (2010, 2012) define “Systemic 
Risk” as the amount of capital that a financial 
institution in need to raise in order to function 
normally if we have another financial crisis 

• 𝑆𝑅𝐼𝑆𝐾𝑖,𝑡 = 𝔼𝑡−1 Capital Shortfall𝑡 Crisis  

• 𝑆𝑅𝐼𝑆𝐾𝜃,𝑖,𝑡 = 𝑘𝑑𝑖,𝑡 − 1 − 𝑘 1 − 𝐿𝑅𝑀𝐸𝑆𝜃,𝑖,𝑡 𝑒𝑖,𝑡 

  where 𝑘 is capital adequacy ratio, 𝑑𝑖,𝑡 and 𝑒𝑖,𝑡   
are debts and equity at time t. 
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Systemic Risk 

• 𝐿𝑅𝑀𝐸𝑆𝜃,𝑖,𝑡 is the marginal expected shortfall in a 
specified time period 

• 𝐿𝑅𝑀𝐸𝑆𝜃,𝑖,𝑡 = 1 − exp −  𝑀𝐸𝑆𝜃,𝑖,𝑡𝑗

𝑛
𝑗=1  

               ≈ 1 − exp −𝜌𝑡 𝑡𝑁 − 𝑡 𝑀𝐸𝑆𝜃,𝑖,𝑡 = 𝐿𝑅𝑀𝐸𝑆 
𝜃,𝑖,𝑡 

where 𝑡𝑗 is the day that the loss of market returns is 
higher than VaR 𝑅𝑚 , 𝑡𝑁 − 𝑡 is the specified time 
horizon, 𝜌𝑡 = 𝑛/(𝑡𝑁 − 𝑡). In Acharya et al. (2010, 
2012), 𝜌𝑡 𝑡𝑁 − 𝑡 = 18 

• 𝑀𝐸𝑆𝜃,𝑖,𝑡 is the expected one day loss: 

• 𝑀𝐸𝑆𝜃,𝑖,𝑡 = 𝔼𝑡−1 −𝑅𝑖,𝑡 𝑅𝑚,𝑡 ≤ −VaR 𝜃, 𝑅𝑚,𝑡  
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Extreme Market Losses (EMLs) 

• Daily market returns less than −VaR 1%  are 
denoted as EMLs. 

• 𝑡𝑁 − 𝑡 = 252 trading days in 1 year 

• The probability of EMLs 𝜌𝑡  is 

𝜌𝑡 =
# of market returns between 𝑡 and 𝑡𝑁 < −VaR 1%

252
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Tail Risk Tolerance (TRT) 

• TRT of the bank i (𝜌𝑖,𝑡) measures the level of 𝜌𝑡 
that the bank is able to remain solvent in the future 

• 𝜌𝑖,𝑡 =
ln

1−𝑘

𝑘⋅𝐿𝑉𝐺𝑖,𝑡

252⋅𝑀𝐸𝑆𝜃,𝑖,𝑡
 

•
𝜕𝜌𝑖,𝑡

𝜕𝑒𝑖,𝑡
=

1

252⋅𝑒𝑖,𝑡⋅𝑀𝐸𝑆𝜃,𝑖,𝑡
 

•
𝜕𝜌𝑖,𝑡

𝜕𝑑𝑖,𝑡
= −

1

252⋅𝑑𝑖,𝑡⋅𝑀𝐸𝑆𝜃,𝑖,𝑡
 

  where 𝐿𝑉𝐺𝑖,𝑡 is the leverage of the bank i at time t 
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Aggregate TRT 

• Using the aggregate leverage (𝐿𝑉𝐺𝑎,𝑡) and 
weighted average of MES (𝑀𝐸𝑆𝜃,𝑎,𝑡) 

• 𝜌𝑎,𝑡 =
ln

1−𝑘

𝑘⋅𝐿𝑉𝐺𝑎,𝑡

252⋅𝑀𝐸𝑆𝜃,𝑎,𝑡
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Methodology 

• Fourier-cosine expansion of the probability 
density function (𝑓 𝑥 ) [Fang and Oosterlee 
(2008)], 

• 𝑓 𝑥 ≈  1 −
1

2
𝐼0 𝑛 𝐴𝑛 cos

𝑛𝜋 𝑥−𝑢

𝑣−𝑢
𝑁
𝑛=0 , 

• 𝐴𝑛 =
2

𝑣−𝑢
Re Φ

𝑛𝜋

𝑣−𝑢
⋅ exp −i

𝑛𝜋𝑢

𝑣−𝑢
 

  where 𝐼0 𝑛 = 1, if 𝑛 = 0, otherwise is 0, Re 𝑥  
is the real part of 𝑥, Φ is the characteristic 
function, [𝑢, 𝑣] is the truncated range of Fourier 
expansion 
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Methodology 

• VaR under stable Paretian distributions can be 
calculated after pdf is expressed by FC 
expansion 

• 𝑀𝐸𝑆𝜃,𝑖,𝑡 = −𝛿𝑖 −
𝑎𝑖+𝑏𝑖 𝑐𝑖,𝑡

𝐹 𝜏
 𝑥

𝜅

−∞
d𝐹 𝑥 +  𝑥

𝜏

𝜅
𝑓(𝑥)d𝑥  

  where 𝜏 = − VaR 𝜃, 𝑅𝑚,𝑡 + 𝛿𝑚 /𝑐𝑚,𝑡, 𝜅 is the cutoff 
value that the pdf can be approximated by power law 
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Methodology 

• For stable Paretian distributions 

•  𝑥
𝜅

−∞
d𝐹 𝑥 =

𝛼

1−𝛼
𝑐𝑚,𝑡

𝛼 𝐷𝛼 1 − 𝛽 𝜅1−𝛼 

•  𝑥𝑓 𝑥 d𝑥 ≈
𝜏2−𝜅2

2 𝑣−𝑢
+  𝐴𝑛

𝑣−𝑢

𝑛𝜋

𝜏 sin 𝑛𝜋
𝜏−𝑢

𝑣−𝑢
− 𝜅 sin 𝑛𝜋

𝜅−𝑢

𝑣−𝑢

+
𝑣−𝑢

𝑛𝜋
cos 𝑛𝜋

𝜏−𝑢

𝑣−𝑢
− cos 𝑛𝜋

𝜅−𝑢

𝑣−𝑢

𝑁
𝑛=1 ,

𝜏

𝜅
 

• MES can be calculated, so that we can obtain 𝜌𝑖,𝑡 
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Methodology 

• Proposition 1. For the GARCH(p,q) and GJR(p,q) 
models, given all the information at time t-1, then  

𝔼𝑡−1 𝑐𝑖,𝑡+𝑘
𝛼 ≤ 𝑐𝑖,max

𝛼  

   for all 𝑘 ≥ 1, where 𝑐𝑖,max = max 𝑐𝑖,𝑡 , 𝑐𝑖,𝑡−1, … , 𝑐𝑖,𝑡−𝑟  , 
𝑟 = max{𝑝, 𝑞}. For the stable distributional assumption, 

we define 𝔼𝑡−1 𝜀𝑖,𝑡+𝑗
𝛼

= 𝔼 𝑐𝑖,𝑡+𝑗
𝛼 , for all 𝑗 ≥ 0, and 

𝔼 𝜀𝑖,𝑡
𝛼

= 𝔼 𝑐𝑖,𝑡
𝛼 = 𝔼 𝑐𝑖

𝛼   
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Methodology 

• Proposition 2. The estimated LRMES 
(𝐿𝑅𝑀𝐸𝑆 

𝜃,𝑖,𝑡) is the upper bound of LRMES at 
time t, if the market returns are following the 
GARCH(1,1) or GJR(1,1) and Proposition 1 
holds, so that as the estimated systemic risk 

• 𝐿𝑅𝑀𝐸𝑆𝜃,𝑖,𝑡 ≤ 𝐿𝑅𝑀𝐸𝑆 
𝜃,𝑖,𝑡 

• 𝑆𝑅𝐼𝑆𝐾𝜃,𝑖,𝑡 ≤ 𝑆𝑅𝐼𝑆𝐾 
𝜃,𝑖,𝑡 = 𝑘𝑑𝑖,𝑡 − 1 − 𝑘 1 − 𝐿𝑅𝑀𝐸𝑆 

𝜃,𝑖,𝑡 𝑒𝑖,𝑡 
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Empirical Results 

• Market returns, stock returns, market equity and 
liabilities of banks 

• Market index: S&P500 index 

• Stocks: 51 financial institutions (market equity greater 
than 1 million, without filing for bankruptcy before 30th 
June, 2008, without heteroskedasticity after 
standardized by GARCH(1,1)) 

• Daily data between 30th June 1987 to 31st December 
2014 

• Data between 30th June 1987 and 30th June 2007 is 
used to estimate the parameters of the models 

• Market returns and stock returns are from the CRSP 

• Quarterly liabilities of banks are from the Compustat 
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Empirical Results 

• Test for heteroskedasticity 
• Ljung-Box Q-test 

• Engle’s ARCH test 

• Test the fitness of the Models 
• Maximum likelihood function value 

• Akaike information criterions (AICC) 

• Bayesian information criterions (BIC) 

• Kolmogorov-Smirnov test (KS p-value) 

• Fat-tail tests 
• Goodness of fit test 

• Extreme value distributions 

• Structural change tests [Quintos et al.(2001)] 
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Empirical Results 

• Extreme value distributions 

30 



Empirical Results 

• Structural change tests 
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Empirical Results 

• TRT 𝜌𝑖,𝑡  and the probability of EML 𝜌𝑡  

• Table 7: TRT of 10 largest banks on 30th June 2007 

• Table 8: TRT of 51 banks. 
• “E”—The numbers of “Estimated Unhealthy” 
• “C”—The numbers of correct estimates 

• We have 23 banks out of 51 banks in our sample are 
unhealthy 

• Overestimate— TRT is overestimated, the bank is unhealthy but 
it is estimated as healthy 

• Underestimate—TRT is underestimated, the bank is healthy but it 
is estimated as unhealthy 

• Two measures of these errors 
• “Equal”—The average of Overestimate and Underestimate 
• “Over”—The weight of Overestimate is 1 and the weight of 

Underestimate is 0.5 
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Empirical Results 
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Empirical Results 

• Aggregate TRT 
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Empirical Results 

• TRT of CITIGROUP INC 
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Empirical Results 

• TRT of WELLS FARGO & CO NEW 
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Empirical Results 

• TRT of BANK OF AMERICA CORP with 
different distributional assumptions 
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Conclusion 

• Heteroskedasticity of market returns and stock returns is observed 

• Standardized returns are still fat-tail 

• Shape parameters changed over time (before and after crises) 

• TRT under stable distributions is recommended  It reveals the 
endurance of the bank to the fat-tail risks in the future 

• Aggregate TRT shows that the banking system is getting trouble 
during the S&L crisis and Subprime mortgage crisis 

• TRT of most largest banks on 30th June 2007 is not sufficient to 
overcome the subprime mortgage crisis during September 2008 

• Government actions e.g. QE, lower-interest-rate policy, reduce the 
likelihood of EML after 2009. However, aggregate TRT shows that 
the banking system is still fragile. 
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