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Abstract

This paper provides a new econometric framework to make inference about
structural breaks in panel data models. The main contribution is twofold. First,
different from most existing research which studies structural-change problem
in a single time series setup, this paper investigates structural breaks by ex-
ploiting the rich information in the panel data. Second, in contrast to the
common-break method that assumes all series change structure at the same
time, my method assumes the change points of different time series follow a
common distribution, allowing for the heterogeneity in the timing of struc-
tural changes across series while retaining the commonality among series. For
the case of a single structural break in each time series, I propose a general
nonparametric method by assuming that change points of different time series
follow a multinomial distribution. If in addition, each time series is allowed to
have multiple structural breaks, a special form of the common distribution is
imposed to restrict the joint distribution of multiple breaks.

By incorporating both the similarity and the heterogeneity among series,
this method not only improves the quality of change-point estimation, but it
also reveals useful information about how different series respond to a common
shock. This helps to answer important questions such as how stocks of differ-
ent industries respond to a new policy or how different experimental groups
respond to a new treatment. Monte Carlo simulations show that this method
greatly increases the precision of change-point estimation, and the estimation
algorithm is fast. I apply this method to investigate the volatility decline, or
the Great Moderation, in 50 US states. Using quarterly personal income data,
I find that the cross-sectional distribution of break dates has two peaks: one be-
ing around 1984, which has been generally recognized as the start of the Great
Moderation; the other being around 1988, which corresponds to the stock mar-
ket crash of the previous year. Only a small number of states had no evidence
of structural change in the volatility.

Key Words Panel Data, multiple structural breaks, Bayesian inference, Hid-
den Markov Chain, Great Moderation



1 Introduction

Many recent studies highlight the presence of structural instability in key economic
indexes and financial time series, such as output growth, unemployment, exchange
rate, and stock returns (Stock and Waston, 1996). Various economic events can lead
to structural changes in a wide range of time series, such as financial liberalization
(Behaert, 2002), changes in exchange rate regimes, and the introduction of new mon-
etary policies. The most striking example was the Great Moderation, which is well
documented in the literature as the substantial reduction of volatility in major US
macroeconomic time series since the 1980s.

The precise estimation of a change point has rich implications. First, it helps
uncover the source of a structural change by spotting special events around the break
dates. Second, it can be used to evaluate the impact of an event or a new policy by
estimating the response time of the economy to the shocks.

In addition, from a statistical perspective, ignoring structural breaks in econo-
metric modeling can lead to model misspecification and spurious estimation results
of model parameters. For instance, Lamoureux and Lastrapes (1990) find that the
extent of persistence in variance of stock-return data may be overstated if structural
breaks are ignored. Pesaran and Timmermann (2006) point out that forecasting
results based on such a misspecified model are unreliable.

While most research in the structural break literature addresses single time series
problem, few studies have been done in a panel (or multivariate) data environment.
Assume a series {y; }+—1, 7 is subject to a structural change at some time £*. It is well
known in econometric theory that the estimator of change point k* for a single series
is not consistent, and that only the fraction % converges in probability to the true
value % Even with more observations of 1, it is not guaranteed that the estimation
of k* would be improved. When the magnitude of the structural break is not large
enough or the true change point k* is too close to the start or end of the sample,
the single series approach might fail to detect any structural change even if there is
one. Motivated by such observations, Bai (2006) proposes a panel data approach and
proves that one is able to estimate the break point k* itself consistently if a lot of
time series are subject to a common break, which significantly improves the quality
of the break point estimation. This is the so-called advantage of "borrowed power",
which exploits the cross-section information. In the rest of the paper, I will refer to

Bai (2006)’s method as "common-break approach".



A key question that arises in the context of panel data is how to build the link
for structural changes across different series. The easiest way is to assume that all
series experience the structural break at the same time. However, it is not realistic
to assume that different series change their structure at exactly the same time. More
generally, individual series may experience the structural break at different times,
even after experiencing the same event, due to the cross-sectional heterogeneity in the
transmission mechanism or response time. Therefore, it is crucial to find a way to relax
the conventional common-break assumption while still retaining the common feature
of structural changes across different series. This not only improves the estimation
quality of change points, but it also provides useful and important information about
the cross-sectional pattern of structural changes. Only by taking into account both
the similarity and the heterogeneity across sections, is one able to answer important
questions, such as how stocks of different industries respond to a new policy or how
different experimental groups respond to a new treatment. It is thus imperative to
develop a new and effective method for change-point detection in panel data.

This paper develops a new approach for estimating and making inference about
structural changes in panel data models based on a Bayesian method. The new
method takes into account two key factors. First, different series are subject to com-
mon shocks, which are assumed to be the source of the structural changes. Second,
various series exhibit heterogeneous responses to these common shocks, and the tim-
ing of structural changes is allowed to be different across series. A key assumption
is that change points for different time series follow a common distribution. The
common-distribution assumption relaxes the conventional common-break restriction
while still retaining the common feature of the structural changes. If there is only
a single structural change for each series, a non-parametric multinomial distribution
assumption is used to model the pattern of change points across sections. This single
structural change framework follows Joseph and Wolfson (1993, 1997), who discuss
the change-point estimation problem for Poisson panel data with a single structural
break for each series. While they only focus on estimating the underlying common
distribution of unknown change points, this paper focuses on estimating both the
common distribution and the location of change point for each individual series.

In addition, if we allow each time series to have multiple structural breaks, the
nonparametric common distribution becomes more complicated as the number of

structural breaks increases. Such a complication arises because one has to model the



joint distribution of multiple change points. Proper restriction on the joint distri-
bution is needed to keep the model parsimonious and tractable. As a special form
of such restrictions, I propose a nonreversible hidden Markov chain model, which
is built on the structural break model proposed by Chib (1998). Chib’s framework
has been applied by many researchers to address various economic or econometric is-
sues, e.g., Kim, Nelson and Piger (2004), and Pesaran, Pettenuzzo and Timmermann
(2005). However, existing studies focus on the single series case, and thus require
strong assumptions on both break magnitude and locations of the true break dates.
As I will discuss later in more detail, Chib’s framework is actually a special form of
the common distribution model in the univariate case. In this paper, I extend the
nonreversible hidden Markov chain model to a multivariate setup. With this modi-
fication, it becomes a powerful tool to analyze multiple change points in panel data
models.

Finally, I apply the method to study the US state-level facts of the Great Modera-
tion. It is well documented that major US macroeconomic time series, such as output
growth and inflation, have experienced a substantial reduction in volatility since the
1980s. However, little has been done to examine whether such a Great Moderation
exists in disaggregate data. Owyang, Piger and Wall (2008) conduct a study about
the state-level Great Moderation using unemployment data. However, they estimate
the structural change state-by-state without taking into account the strong correla-
tion and co-movement among states. I apply the panel data methodology to 50 US
state-level quarterly personal income datal, spanning from 1952Q2 to 2008Q2. The
cross-sectional distribution of break dates has two peaks, one around 1984, and the
other around 1988. Only a few states show no evidence of structural breaks in the
volatility. These findings continue to hold if one assumes two breaks for each state.

The contribution of this paper is twofold. First, it provides a new and effective
methodology to analyze change points by using panel data information, which not only
improves the estimation precision but also makes study of the cross-sectional pattern
of structural breaks possible. Second, I extend the nonreversible hidden Markov chain
model to the panel data models, as a special form of the general common-distribution
framework. It greatly simplifies the form of the non-parametric common distribution
while retaining enough flexibility.

The rest of the paper is organized as follows. Section 2 shows the motivation by

'We exclude the state Louisiana due to some data irregularities caused by Hurricane Katrina.



using Monte Carlo simulations. Section 3 describes the non-parametric method to
estimate and make inference about structural changes in panel data. Section 4 pro-
vides an example of the parametric approach. In section 5, I extend the nonreversible
hidden Markov chain model from a univariate to a multivariate data environment, as
a special form of the non-parametric method to keep the model parsimonious in the
presence of multiple structural changes. In section 6, I apply the panel data model

to investigate the Great Moderation in the state-level data.

2 DMotivating the Panel Data Approach: Common
Break

K

=
It is well known that the estimate of change point for a single series is not consistent;
only the fraction % converges in probability to \*. Even with more observations of

Yi, it is not guaranteed that the estimation of £ would be improved. In addition,

Assume a series {y; }1—1._7 is subjected to a structure break at some time £*, \* =

the effectiveness of the single-series approach critically depends on two assumptions.
First, the magnitude of the parameter change after a break must be large enough.
Second, the true change point £* must lie sufficiently far from both the start and the
end of the sample. However, one can take advantage of "borrowed power" by noticing
the cross-sectional pattern of the structure changes. An extreme case is the one in
which many different series experience a structure break at the same time, in which
the accuracy of the break point estimator is greatly increased. In particular, when
the number of such series N is large enough, the consistent estimation of the break
point itself could be achieved. This is so-called "borrowing power".

For a multivariate time series setup, the common-break model is well studied by
Bai, Lumsdaine and Stock (1998). Bai (2006) studies the common-break model in a
panel data framework, and proves that the consistency for the break-point estimate
itself instead of the fraction is achieved. That paper also provides the convergence
rate and limiting distribution. It has important potential applications in various
economic research areas. The stock market saw many different equities’ prices drop
or soar together within one day or a short period in anticipation of the same event.
Developed countries experienced the Great Moderation in the growth rate volatility
around the same year. The behavior of a large number of consumers changed suddenly

after a new tax return policy was announced (an example provided in Levitt and



Dubner, 2005). A group of patients’ physical conditions change after taking a new
treatment.

It is worth noting that it may sound restrictive to assume that different series are
subject to a structural break at the same time. However, if we take a second look at
the literature, we may find that many change-point studies focus on a single aggregate
index. For instance, a lot of empirical work is dedicated to modeling the stock index
and estimating the change point. The index is a weighted average of individual stock
prices. By analyzing structural breaks in this way, it has been implicitly assumed
that different stock prices are subject to a structural break at the same time. A
vast majority of the macroeconomic literature studies the Great Moderation, or the
volatility decline observed in output growth, employment growth and inflation. To
identify the date when the Great Moderation occured, researchers generally use the
country-level output data, which is a simple aggregate of the state-level outputs.
Thus the common structural break for different states is implicitly assumed in these
studies. Compared to the single-series method, the common-break method greatly
improves the estimation precision of change points.

The larger the number of series, the more accurate the estimation. For models
with mean breaks, Monte Carlo results can be found in Bai (2006). I use Monte
Carlo simulations to show that one can still gain such a benefit for complex models
like GARCH, by using multiple series to estimate the change points. The change-
point analysis for GARCH models has always been a challenge in the literature, due
to the difficulties of precise estimation of GARCH parameters. Another reason is that
a CUSUM approach is generally used, which requires that unconditional volatilities
change substantially after the break. The Bayesian method is a likelihood approach,
and thus does not require restrictions on unconditional volatilities across structural
regimes. Assume the GARCH(1,1) model is given by

v = /e, where g, ~0.4.d.N(0,1),t =1,....T, (1)

w1+ iy + Bl t <K
ht - 2 *
Wy + QoY 4 + ﬁghtfl, t>k

where T' = 2000, £* = 800. Let

(wi,a1,8,) = (0.10,0.10,0.80),
(wa, a2, B,) = (0.15,0.60,0.35).



I make 500 MCMC draws to calculate the posterior distribution of change points.

Figure 1. Left Panel: Bayesian Posterior Distribution for k — ko when only using

single series; Right Panel: Bayesian Posterior Distribution for k— ko, N = 5.

More generally, the model with M structural breaks is

{yéZ)},t = 17 "'7T7 Z = 1’27 N (2)
gD~ F(-,0,), for t € (K1, km)

The only link between different series is that they are subject to structural breaks
at the same time, {k;, }me1.. -

Again, let us assume that the prior of {k,,} is jointly uniform distribution on
[2,T — 1] (discrete version). Given other change point k_,, and model parameters

{0} m=1...:, the conditional posterior density for the break point k,, follows the form

T116ly, b, ki = 1)
Pk = ty,0,k_p) = —— (3)

ST U6l ks o = )

s=2 i=1




3 Nonparametric Approach to Change-Point Esti-

mation

The common-break assumption provides a prospective for estimating structural breaks
using panel data. However, it is generally not realistic to assume that different se-
ries change structure at exactly the same time. Individual series may experience the
structural break at different time even after attack of the same event, due to the
cross-sectional heterogeneity in the response time. Therefore, it is crucial to find
a way to incorporate such a heterogeneity, while retaining the common feature of
structural changes across different series. This will not only benefit the estimation
but can also provide useful information about the cross-sectional pattern of structural
changes. Only by taking into account both the similarity and the heterogeneity across
sections, is one able to answer important questions such as how stocks of different
industries respond to a new policy or how different experimental groups respond to
a new treatment.

In this section, I relax the common-break assumption, by properly building a
link for structural changes across different series. My approach provides a general
framework to handle structural-break problem in panel data, allowing different series
to experience a structural break at different time.

This new method takes into account two key factors. First, the different series
are subject to common shocks, which are assumed to be the source of the structural
changes. Second, various series exhibit heterogeneous responses to such common
shocks and the timing of structural changes can be different across sections. A key
assumption is that change points for different time series follow a common distribu-
tion. The common-distribution assumption relaxes the conventional common-break
restriction while still retaining the common feature of the structural changes. If there
is only a single structural change for each series, a non-parametric multinomial dis-
tribution is used to model the pattern of change points across sections.

In this section, I discuss the panel data model in which each different time series
has a single structural break at k;. Now, the break points {k;}, i = 1,..., N, follow
a common distribution F'(-,7), where 7 is the parameter characterizing the CDF.
Notice that F(-,7) is now part of the model, not a prior. A hierarchical layer needs
to be added for the parameter 7. Since change points can only be integers, F'(-,7)

should be a discrete distribution.



A natural way is to assume that k; follows a multinomial distribution governed
by ™ = (Wt)t=1,2,...,T-
Denote
my = prob(k; =t), fort=1,2,..,T (4)

Then 7 = (7¢)¢=12,...1, where zT: m; = 1. In practice, one does not need to assign
positive probability to each time i):elriod between 1 and 7', but can limit the support
of F(-,m) to a much narrower interval depending on one’s prior belief about when
the breaks happened. For example, to study how the stocks of different industries
respond to a new policy, one could only search in a short period after the policy is
applied, therefore reducing the dimension of parameters to be estimated. It must
be emphasized that N must be large enough to consistently estimate 7. It is worth
pointing out that one may not need very large N to acchieve a good estimate of 7 if
the true distribution is very concentrated. This can be caused by strong comovement
among different series, which tend to change their structure in a short period. The
estimation of 7 will soon concentrate around that period while leaving prob(k; =
t|Y") near zero for the dates outside the interval. The US state-level Great Moderation
application in section 6 corroborates such an intuition.

In this setup, different series are linked by F'(-, 7), of which each series’s break point
k; is a random realization. It is easy to incorporate more correlation between series.
For instance, one can also assume that (95,?),-:1,._,, Nm=1,..M+1 are random numbers
generated by the same distribution, and we are able to estimate this distribution as
well as (957?)1-:1,.“, N.m=1,..M+1 by applying the same trick. Here I only assume that
change points are subject to a common distribution while leaving other parameters
independent across sections without loss of generality.

To formally state the algorithm, let us take a simple linear model as an example.

Data

Y11, Y12, .-, 1T
V — Y21, Y215 -+, Yor

YN1,YN2y s YNT

are observations for N different time series. Series ¢ spans from 1 to 7" and experiences
a single structural break at time k;. Different from the conventional common-break

assumption for panel data, I allow k; # k;, for any @ # j.



For series i,

yii ~ N(ug,o3), fort <k (5)

Yii ~ N(ug,0%), fork; +1<t<T
For this simple model, § = {u;;, a?j fi% k = (ki,ks,...,ky) are treated as
hidden variables and are assumed to follow a multinomial distribution with prob(k; =
t) =m, fort =1,...,T. Both 6 and 7 are model parameters and need to be estimated.

To facilitate the computation, I choose conjugate priors for parameters {u;;, afj, T},
1=1,.N;t=1,..T,and j = 1,2.

Prior Posterior
Likelihood Parameters Prior
hyperparameters hyperparameters
Normal with . 5 Scaled v v+ T
variance o
known mean p inverse-chi oo 1%23%—1;“_“)2
T
Normal with Lo to/ C;g+22i;1 v /0"
. mean /4 Normal [o5+T/o .
known variance o ol (1/c2 +T/o?)"
Qp = Qg+
Q
Multinomial probability 7 |  Dirichlet (T ‘ D SN Ik =t}
X
fort=1,...,T

Here I use the Dirichlet distribution as the prior for =

m = (m1, Ty ..., ™) ~ Dirichlet(a) (6)

where o = (o, ..., ar)
Thus the posterior conditional distribution for 7 is

7|k ~ Dirichlet(a)
N

where a) = a; + Z I{kgl):t}
i—1

a = (aq, ..., ar) is called hyperparameter. For instance, if weset a; = ... = ap = 1,

then equal weights are imposed on each period.

The Gibbs sampling procedure is given as follows. To save notation, a variable

10



with an arrow on the top means a vector consisting of all elements of that variable.
H
For example, k © = (£, .., k:](\(,))).
Step 1: Given initial values (M(O.),U%(O),kgo),ﬂﬁo)), 1 =1,2,..N, 7 =12, t=

ij j

1,2

,2,..,T
Step 2: Update parameter j;;

Given the initial values of other parameters (ME?), O'?j(o), k:go), ﬂgo)), i =

1,2,..N, j=1,2, t=1,2,..,T and data Y, the posterior conditional distribution of
(1)

:U“i] iS
170, 70, 70,y "
O, (0) (0)
Hito | Doi1 Y 1 ki 1 Ry
~ Normal(( + 2 (0) )/(—+ 2(0))’( 5~ T 2(0)) )

7310 o 10 o0 Ti10  0j

yD720 T 20y

A S0 aut 1 T_p® 1 7O
~ Normal((MZQO A J

7 —1
2 2 (0) -2 70 ) ( 2 T T3 ))
i20 Tio 120 Tio 120 Tio

Step 3: Update parameter a?j
Given (W) KO, w®, X), i = 1,2,N, =12, 1= 1,27, %" has

i 1 "Ve

the following posterior conditional distribution

ZOIEW, EO, 7Oy (8)
©
102 o (i — 1))’
~ Scaled inverse-chi-square(r;; + k§°), Virduo + Dz Wit = o) )

Vi1 + kfo)

oo B, KO, 7Oy

0) Vi251220 + ZtT:k(o)H(yit - Mg))2
~ Scaled inverse-chi-square(v;s + T — k; - ©)
129 + T— /{?Z

Step 3: Update parameter k:l-(l)
Draw k", given (u<%>,a§j<l>,7f§°>,y), i=1,2,.N, j=1,2, t=1,2,..T

ij
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Pr(k() = 7|70, 720 7O y) = (9)

T

(1).2 (1)y2
1 exp{— (yit7“i1 ) 1 exp{— (yitiuiz ) 7T(0)
tl;ll \/2,“,121(1) { 20121(1) }kzlz[—‘rl \/2770‘?2(1) { 2"?2(1) I

T (1) (1)
1 o (xit*#ﬂ )2 \Tit—Hio" )" )2
2 (1 2 (1) expi 207?1(1) lc t+1 \/2770'22(1) L= & oo }Wt )

t=1 k=1 \/ 270,

Step 4: Update parameter m;
Draw 7", given (ug),o—?(“,k(U,Y),i: 1,2,.N, j=1,2, t=1,2,..T

(2

TOIE D < Dirichlet(T") (10)

where o/ = a, + Zf{kgl): )

To get random draws of {m,;}, one needs to draw Z. from Gamma(cal, 1), for each

7 =1,2,..T (or through the support of F(-, 7) if one restricts the break points to a
narrower interval). Then update m;, = Z;/ Z Z,.

It is worth mentioning that the ex1stence of conjugate priors is not essential for the
common distribution method to work. For more complicated models, which might not
have conjugate priors, one can still use either Metropolis-Hastings sampler or Griddy-
Gibbs sampler to generate random draws from the joint posterior distribution.

Monte Carlo simulations show that such a panel data method is able to improve
the quality of estimates. Data is generated by model (5). In the rest of this paper, the
point estimator k of change point is calculated as the posterior mean rounded to the
nearest integer. In the lower panel of Figure 2, the solid line is the true value of change
points for 50 time series, and the dashed line describes the change-point estimates
using the non-parametric panel data model, while the dash-dotted line shows l%s-mgle
by estimating univariate model series by series. N = 50, T" = 40, and the true change
points are independent random draws from uniform distribution over [15,25]. l%panel

is much closer to the true change point ky for most series than l%single.
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Figure 2. Panel Data V.S. Single series
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To check the robustness of the above result, I simulate 200 independent samples,
each containing 50 time series and spanning 50 periods. The true change points are
independent random draws from uniform distribution over [15,25]. For each sample,

I compute the sum of squared errors using the following equation,
[N
SSEN = = (ki — k),

where k7 is the true change point.

In Figure 3, I plot the SSE of estimation result for both panel data model and
single series model in the upper panel. In the lower panel, the difference between
S'S Egingle — SIS Epane 1s plotted against zero line, thus the positive numbers represent
the gain in precision by using panel data model. The graph shows that the panel data
model uniformly outperforms the single series model in terms of significant reduction

in estimation errors for all 200 independent samples.
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Figure 3. 200 Simulations
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4 A Parametric Method to Change-Point Estima-
tion

When the number of series N is large but the time length T is not very large, the
nonparametric method described in the previous section works very well and gives
consistent estimation of both the model parameters and the distribution followed by
the break points k = {k;,i = 1, ..., N}. However, the estimation error would become
big when N is small and T is large, because the large number of additional parameters

T = (T1, T2y ooy T).

Remark 1 When using the nonparametric method of section 3, one may not need
a very large N to achieve a good estimation of w in two cases. One case is that the
true distribution of change points is very concentrated. This can be due to strong
comovement among different series, and all the series tend to change their structure
around the same period. The estimation of m will soon concentrate around that period
while leaving prob(k; = t|Y') near zero for the dates outside a short interval. The US

state-level Great Moderation application in section 6 corroborates such a intuition.
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Another case is that the magnitude of structural break is very large. Large break mag-
nitudes will facilitate the detection of the change points, despite the large dimension

of .

To deal with the structural problem in this case, one needs to develop a parsimo-
nious way to model the distribution of break points k = {k;,7 = 1,..., N}, and the
most vital part is to reduce the parameter dimension of 7, which characterizes the
distribution F'(-, 7). The choice of F'(-,7) must satisfy the following properties:

1) The dimension of 7 is low;

2) F(-,m) has support on [0, +00);

3) F(-,m) is a discrete distribution.

4) F(-,m) has a shape flexible enough since the structural break could happen
anytime between period 1 and 7.

5) It is easy to compute the posterior density.

The Poisson distribution is an ideal candidate. It is a discrete probability distrib-
ution that expresses the probability of a number of events occurring in a fixed period
of time, provided these events occur with a known average rate and independently
of the time since the last event, and it is governed by only one parameter ), the
expected number of occurrences during the given interval. The Gamma distribution
is its conjugate prior, thus the posterior density is easy to achieve.

Koop and Potter(2004) use the Poisson distribution to model the duration of
regimes for a single series model with structural breaks. The regime duration is just a
reparametrization of the change points. When there exists only one structural break,
the duration of the first regime is equal to the value of the change point. However,
their work is based on the state-space model initialized by Chib (1998), and needs to
make inference about the hidden states and transition matrix. Unlike Chib (1998),
they allow the transition matrix to vary along with the duration of the most recent
regime, which greatly complicates the computation. As they recognize in the paper,
calculating the transition probability matrix will involve O(T?) calculations.

There are also other advantages of the Poisson distribution. First, k; is not
restricted between 1 and 7" since the Poisson distribution allows for k; = 0 and k; > 7.
This way, the series is allowed to have no structural break. Second, forecasting is
feasible. For instance, it is reasonable to suppose that foreign countries’ economy

condition can shed some light on the home country’s future economic performance.
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The model is specified as

e

o 6;, for t < k;
0 = {61}50° . and ez:{ A

0?, fork; <t<T

.....

Again, k is treated as missing data or latent variables here. Because one does not
observe k, inference of k is needed, which can be achieved by studying its posterior
distribution. This is made possible by using Gibbs sampling. It draws the random
samples from the marginal posteriors p(A|Y, k, 0), p(8]Y, k, \) and p(k|Y, 0, \) instead
of from the joint posterior p(\, 6, k|Y). An important assumption is p(A|k,6,Y) =
p(Alk). The procedure is given as follows.

Step 1. Specify priors for parameters A and 6. The choice of priors for § has been
described previously. For convenience, I choose Gamma(a,b) as prior for A, where a
and b are prespecified constant, say 2 and 1.

Step 2. Given observed data Y, and initial values of k = {k;,;i = 1,..., N} and
A, make random draws of parameters 6 from their posterior density. This step is the
same as the procedure described in previous sections. Use Griddy-Gibbs method.

Step 3. Given updated value of 6,and initial value of A,
b~ FORIONY) o< Y10,k Ap(kIO, A) o F(Y]0, k)p(kIA) (12)

In this example, for . =1, ..., N,

LAY, ki =1t k) p(k; =t|\
plks = tly,0.k_) = X ) ol = 1) (13)
YUY ki = s, ki) - p(ki = s|A))

s=1

Step 4. Given updated € and k = {k;;i =1,...., N}, A ~ f(\6,k,Y) = p(\|k) by
assumption, which is Gamma(a + 310, Ky, (N + %)_1).

Remark 2 Although the Poisson distribution greatly reduces the dimension of the
parameter vector, it has a bell-shaped density function. It is a good approrimation if
the true change points exhibit a unimodal pattern, i.e. a majority of series experience
the structural changes on a tight time interval. This is a reasonable assumption

when different series change structure due to a common shock and the change points
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are clustered. Otherwise, one needs to assume a more flexible shape of the common
distribution for the change points to allow for a more flexible pattern. The mixture

normal distribution is a good candidate if more flexibility is desired.

5 The Nonreversible Hidden Markov Chain in Panel
Data Models

5.1 The Modeling of Multiple Change Points in Panel Data

In addition to the difficulty of estimation when T is large but N is small, another
problem arises when one further allows each series to have multiple structural changes.
For the panel data

Y11, Y125 -, YaT

Y21, Y215 -+, Yor

Y = ,

YN1,YN2; --s YNT

assume that each process y;; experiences M structural breaks during [1,7]. The
change points for series i are {kﬁ,?}mzl,m M, ¢ =1,...N. We need to make assumptions
about the joint distribution of {kv(f@)} whenever the number of structural breaks is
larger than 1. For illustration purpose, let us assume that each series y; has two
breaks at kgi) and kéi). The joint density of ky) and kg), F (kgi), kéz)) is assumed to
be the same across series, thus I drop the superscript ¢ from the notation when the

context is clear in the rest of the paper.

F(kb k2> = f(kZ‘kl) : f(kl)

If one sticks to the nonparametric method, one needs to specify the probability

for each possible pair of (k1, k) on the whole interval [1, 77,
Tyr = prob(ky =t1, ke =1s), forany 1 <ty <ty <T (14)

which makes the dimension of vector m become T - (T — 1)/2. Likewise, when the
number of breaks M increases, the dimension of the vector 7 also increases accordingly
to OM which is of the order of T*. Even with moderately large T', there would be

too many parameters in the model and precise estimation would be a challenge to
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achieve.

Hence one needs to add some restriction to the form of F'(ky, ks, ...kas) to reduce
the number of parameters. In this section, I introduce a special form of common
distribution F'(kq, ko, ...kps) which proves to be a powerful tool to deal with multiple-
break problems. It is built on the structural break model proposed by Chib (1998)
which has been widely used in many applications, e.g., Nelson and Piger (2002), and
Pesaran, Pettenuzzo and Timmermann (2006). However, all the existing works study
the single series case.

As we willshortly see, the nonreversible hidden Markov chain model is actually
a special form of the common-distribution model in the univariate case. Realizing
this link, I extend the original univariate model to a multivariate data environment.
With my modification, it becomes a powerful tool to estimate multiple change points
in panel data.

It is worthwhile to begin by reviewing the influential structural break model for
a single time series by Chib (1998), which provides an efficient way to estimate a
univariate model with multiple structural breaks. The observed data is {y;}:—1 7. If
there are M structural changes during [1, T, there would be M + 1 different regimes.
Assume that y; ~ F(-,6), while 6 = 6, in the mth regime. Let Sp = (s1, 52, ., 1),
and s; is a latent discrete state variable which takes values on {1,2,...M + 1}. The

{s;} follows a Markov chain and the transition matrix P is given by

pii pi2 O
0 pa p3 O
P= (15)
Pym,ym PM,MA+1
0o .. 1

where p;; = prob(s; = i|s;_1 = i), and p; ;41 = prob(s; =i + 1|s,_; = 7). Although
this method does not explicitly model the change points {ky, }m=1.. 1, the estimation
of k,, is obtained by counting the length of regime m. The structural change occurs

when s; jumps one step ahead, thus
kpm ={t:sg1=m+1,8 =m} form=1,2,..M (16)

Different from the conventional Markov switching model, the Markov chain is
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nonreversible, since s;;; cannot jump backwards to m — 1 once s; = m, and s
can only move forward step-by-step without skipping. This is an innovative way
to look at the change-point problem and build the bridge between Markov switching
literature and the change-point literature. It is particularly useful when the structural
change actually does not have a recurring pattern, as is assumed in Markov switching
literature.

To understand the link between the common distribution model and the nonre-
versible hidden Markov chain model, let us assume a single structural break for each

series. Thus the transition matrix P is

1—
p— P11 P11
0 1

The hidden states {s;} will only take value on {1, 2}.
The nonparametric method does not make any special assumption about prob(k =

t) and let m; = prob(k; = t), for t = 1,2,....,T to be the model parameters with
T

> my = 1. If the nonreversible Markov chain structure is assumed, then
=1

;= prob(k =t) = prob(s; = 1,and s;41 = 2) = pt; - (1 — p11) (17)

The transition matrix P summarizes all the information about the distribution of
change points. Each m; now is a function of a single parameter p;;. The nonreversible
hidden Markov chain assumption is actually a special form of the nonparametric
distribution F'(k). This restriction greatly reduces the dimension of the parameter
vector 7 (in the case of two structural breaks, from 7" (7" — 1)/2 to 2). Likewise, for
multiple change-points problem, the transition matrix P governs the joint distribution
F(ky, ko, ...kp), and prob(ky = ty1,ky = to, ... ky = ty) for any 1 < t; <ty < ... <
tar < T becomes a function of P. Instead of estimating 7 of C¥ dimension, now only
M parameters {pym }m=1,..m need to be estimated.

In the multivariate context, we modify the univariate nonreversible hidden Markov
chain model by assuming that different series share the same transition matrix P.
While the dimension of model parameters is significantly lowered, the nonreversible
hidden Markov chain model still retains enough flexibility to allow each series to evolve
in different ways over time, and thus experience structural change at different times.

The algorithm for multivariate Markov chain is described in detail in the Appendix.
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5.2 Monte Carlo simulations

To show the advantage of taking into account panel data information, I simulate 10
different series. y; = 1+ oy - €;, where e; ~ i.i.d. Normal(0, 1), and assume that the
mean g does not vary across regimes. If there is also a structural break in the mean,
it is even easier to detect the change points. Only variance o? reduces 20% from
regime 1 to regime 2. Also, different series changes regimes at different time with 2
periods’ lag between two consecutive series. Figure 4 plots a typical realization for
{ym}ijg . For instance, the first series changes regime at ¢ = 100, the second one
changes at ¢ = 102, etc. In the following figure, I plot those series. For some series,
the structural break is not that obvious.

Figure 5 shows that the change-point estimation for both multivariate analysis and
single-series estimation. The latter treats individual series independently and does not
consider the clustering pattern of the change points. Overall, the method assuming

common transition matrix across series outperforms the single-series method.

Figure 4.
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N=10, T=200

time

time

To assess the robustness of the result, I simulate 200 independent random samples.
Each sample contains N different time series, and each series has one structural break
during [1, 7. Different series have different change points. We assume that the true
change points &} are uniformly distributed over [a, b] independently, for i = 1,2, ...N,
where 1 < a < b < T. For each sample, we estimate the change points {l%,-ﬁmult,;}izl,m N
using the multivariate algorithm (panel data analysis) as well as {l%i,single}izlw ~ by
univariate method (series by series analysis) as a benchmark model. The sum of

squared errors is computed as

2

SSEﬁulti =

i,multi —

==

ki)
SSEsingle = k,zk)2

i,single —

>
>

==

For each sample, we compute both SSE,,.;;; and S\S Egingle, and I plot the SSE,,
and S5 Egngle for the 200 independent samples in the following graphs. The Monte

Carlo simulations are performed in the following procedure:
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Step 1: Simulate N time series assuming that {k}},—1 n are i.i.d uniformly dis-
tributed over [a, b].

Step 2: Estimate the change points using multivariate model. Compute the sum

N
of squared errors SSEN . = &~ > (kN . — kF)?
=1

1=
Step 3: Estimate the change points for each series separately using univariate

model. Compute the sum of squared errors

N
1 7 *
SSEs];[ngle = N Z(ki@ingle - kz )2 (18)
=1

Step 4: Repeat the experiment 200 times.

First, I choose N = 5, T = 200, y;; = { ptoi-eq for L <t <k ,a =

’ A+ o4 ey, for kf <t <T
T/2 =100, b = 125, thus the change points {k},—; 5 are uniformly distributed over
(100, 125]. 0% is randomly generated from uniform [0.5,0.75], while 0% = 0.8 - 0%. To
compare the result of multivariate model with that of the univariate method, I plot
SSENG, and SSEXZS. (upper panel) as well as the difference between them (lower

multi

panel) in Figure 6. The difference is calculated as SSEJ 5 —SSE} 2, thus a positive
number implies improvement in the estimation precision of multivariate model over
univariate model. Figure 6 shows that the multivariate model outperforms the single
series model with only a few exceptions for the 200 independent samples.

In Figure 7, I set a = T'/2 = 100, b = 150, thus the change points follow a more
diffuse distribution. Again, the multivariate model reduces the estimation errors for
almost all simulations, despite less similarity among different series implied by the
more diffuse change-point distribution.

Furthermore in Figure 8, I increase the number of series to N = 10, T' = 200, a =
T/2 =100, b = 150,0other parameters are generated in the same way as in the N =5
case. The true distribution of change points {k}};—; .10 are now uniform[100, 150].

The upper panel of Figure 8 plots SSEN=10 and SSEY=10 and the lower panel shows

multi sin gle?
the SSEJ 0 — SSE] Y, which is plotted against the zero line. The graph shows
that the difference SSEJI? — SSE] 1P is above zero for most of the samples, which

implies improvement in the change-point estimation by using the multivariate model.
The extensive simulation experiments show that the multivariate model uniformly

reduces the estimation errors comparing with the single series model.
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Figure 6. N =5, T = 200, a = T//2 = 100, b = 125. Multivariate V.S. univariate

model
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Figure 7. N =5, T = 200, a = T//2 = 100, b = 150, Multivariate V.S. univariate
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Figure 8. N =10, T'= 200, a = T'/2 = 100, b = 150. Multivariate V.S. univariate

model
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6 Application

It is well documented that major US macroeconomic time series such as output growth
and inflation have experienced a substantial reduction in volatility since the 1980s.
This is commonly referred to as the Great Moderation. There has been a heated
debate about the causes of the Great Moderation. Some argue that better monetary
policy stabilized the economy, while others consider that improved inventory control
helped stabilization.

One way to track down the source of the Great Moderation is to study the Great
Moderation evidence at the state level. Different states have different economic struc-
tures and are exposed to various state-specific shocks. However, they also bear great
similarity and are subject to both common nation-wide and global shocks. Knowledge
about the dates of the Great Moderation for all the states is thus helpful to identify
the source of it.

However, little has been done to examine whether such a Great Moderation exists
in disaggregate data. A recent work by Owyang, Piger and Wall (2008) studies
the state-level facts of Great Moderation in unemployment growth rate. However,

they conduct the structural change analysis by univariate method, i.e., they estimate

24



the change point series-by-series without taking into account the similarity among
different states.

In this section, I use my multivariate model for change-point detection at the state
level, which could exploit the cross-sectional information. By doing this, two key
factors are taken care of. First, the state-level series are subject to common shocks,
which are assumed to be the source of the volatility decline. Second, different states
exhibit heterogeneous response to such common shocks and the timing of structural
changes must be allowed to differ. By taking into account both the similarity and the
heterogeneity across states, one is able to answer important questions such as how

different states respond to a new policy or an economic shock.

6.1 Data description

I use 50 US state-level quarterly personal income data, spanning from 1950Q1 to
2008Q2. Louisiana is excluded due to the huge impact of the Hurricane Katrina,
which was a major disaster for the local economy. The data is published by the

Bureau of Economic Analysis. The growth rate is computed as the log difference
yir = log(personal income;,) — log(personal income;, ) (19)

Each state has 233 observations, starting from the second quarter of 1950 and
ending at the second quarter of 2008, thus N = 50, and T" = 233 in my model.
The data {yzt}iiq{v are plotted below.
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Figure 9. State-level personal income, Part 1
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Figure 10. State-level personal income, Part 2
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6.2 Estimation Results

The cross-section distribution of break dates shows two peaks, one near 1984 and the
other around 1988. Only several states have no evidence of structural breaks in the
volatility.

Figure 11. The estimated distribution of change points
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Figure 12. The histogram for estimated change points using panel data model
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Table 1 to 7 report the estimated break dates with their standard errors for each

states.
Tablel.
State | Alabama | Alaska | Arizona | Arkansas | California | Colorado | Connecticut | Delaware
Panel | 1984Q3 | 198802 | 1985Q1 | 1984Q1 1988Q4 | 158203 | 1588Q4 198301
10.777 5.3289 3.4564 4.2217 7.4622 4.61 6.1603 42.789
Single | 198204 | 1988Q2 | 19581Q1 | 198304 | 1989Q1 196204 | 1987Q3 196803
19.87584 | 8089675 | 429066 | 4.74224 7.320057 5257815 | 30.84243 57.03834
Table2.
District of
State Columbia | Florida | Georgia | Hawaii Idaho Ninois Indiana | lowa
Panel 196903 1988Q3 | 1985Q3 | 1991Q3 | 1983Q1 | 198702 | 198404 | 200003
3.0899 6.4854 5.9694 9.1404 5.0148 18.713 9.5002 25.72
Single 196903 198802 | 1981Q2 | 199201 | 198204 | 197503 | 197704 | 199603
2.972544 7.35004 4286543 | 5.91422 5.01432 71.15429 | 4762047 | 19.04184
Table 3.
State | Kansas | Kentucky | Maine Maryland | Massachusetts | Michigan | Minnesota | Mississippi
Panel | 19841 198403 198902 198901 1989Q1 1983042 195401 195701
31418 26587 2.3383 3.1435 3.0268 §.2293 15.355 B6.7652
Single | 198304 198403 198902 196604 198804 198204 1995Q1 195604
3.453476 | 2.654953 | 3.200971 4202545 | 47186993 10.10239 | 1288627 £.658901
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Table 4.

Mew Mew New New
State Missouri | Montana | Nebraska | Nevada | Hampshire | Jersey Mexico | York
Panel 198404 | 1983043 | 1984Q2 1981Q3 | 198901 198901 | 198402 | 1987Q3
3.2478 2.9645 2.1026 2.8437 4.0799 4.8238 5.745 4 4805
Single 198404 | 198302 | 1984042 1981Q3 | 198804 195904 | 198402 | 1987Q3
2523832 | 2.07448 3.008952 2775937 | 6.677E32 3548538 | B.075381 | 5.3445089
Table 5.
Morth MNorth Rhode South
State Carolina | Dakota | Ohio Oklahoma | Oregon | Pennsylvania | Island Carolina
Panel 198404 | 198901 | 19840Q4 | 198203 198201 | 196604 1985Q1 | 1984Q3
22277 0.86587 7.0858 4279 3.5157 38.626 45082 4.6258
Single 195901 | 198902 | 19840Q4 | 198203 1982041 | 1961Q2 195304 | 1955Q3
4185137 | 1.43018 76524658 | 3.185034 3.427007 | 3.214681 10.80853 | 5.112438
Table 6.
South West
State Dakota | Tennessee | Texas Utah Yermont | Virginia | Washington | Virginia
Panel 198303 | 198504 198302 | 19830Q1 | 19890Q2 | 18860Q2 | 200304 198104
5.0838 13.008 7.1316 5.8304 26243 5.3985 5.5255 24154
Single 198301 | 198702 1952Q1 | 198204 | 1953Q4 | 19860Q2 | 200304 198104
54548468 | 1678302 5.670415 | 5795784 | B.730852 | 7.561718 | 5.786827 2.086744
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Table 7.

State
Panel

Single

Wisconsin

198403
7.44

1970Q3
61.4632

Wyoming
198901
1.3458

19531
3.20171%

The panel data method not only results in a more concentrated pattern of break
dates, but it also significantly reduces the standard error of the change-point estimates
when some of them exhibit relatively large standard errors if using single series model.
Pennsylvania is an exception, however, whose standard error of the estimate increases
from 3.2 to 38.6 when using panel data model.
Minnesota and Tennessee still have standard error larger than 10 (2.5 year) when
using the panel data model, and the standard errors for them are even larger if using
the univariate model. To investigate the reason behind such a phenomenon, one needs
to examine the estimation results for each state in greater detail. In the following

two figures, I show the posterior distribution resulting from the panel data model for

each state.

Figure 14. The posterior distribution of the break date for each state, Part I
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Figure 15. The posterior distribution of the break date for each state, Part II
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After closely checking the posterior distributions of change points for all series, one
may notice that although many states do experience the Great Moderation around
1984, others have structural change around 1988. Most of the posteriors are very
concentrated around the means, but a few are less so, which causes large standard
errors. There are two possible explanations for the large standard error of some states.
First, such a state may not have a significant structural break at all during the sample
periods, as Delaware and Illinois do. Second, a couple of states show very different
dynamic patterns from the majority of the states. For instance, Alabama and Iowa
seem to have more than one structural breaks, although the other states only show
evidence of one break. In this instance, the standard error would increase too, since
such states are far less similar than others.

Now assume that each time series has two structural breaks. Figure 16 shows the
estimation results of the first structural break for 50 states, and Figure 17 shows the

results for the second break date.
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Figure 16. The first structural break
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Figure 17. The second structural break
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The above graph shows that only a few states were subject to two structural
breaks, with the second break centered around the 1990s. There is little statistical
evidence to support a second structural change for a majority of states, because most

of the estimated second break points for those states hit the boundary. This suggests
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that most states experienced only one structural break.

7 Conclusion

This paper provides a new and effective Bayesian method to estimate and to make
inference about structural breaks for panel data models. This method takes into ac-
count two key factors: first, all series are subject to common shocks, which are the
source of a possible structural change; second, such common shocks have heteroge-
neous impact on different series, and thus the timing of structural changes can vary
across series. By incorporating both the similarity and the heterogeneity among se-
ries, this method not only improves the quality of change-point estimation, but it also
provides useful information about the cross-sectional pattern of structural changes.
Monte Carlo simulations show that this method greatly increases the precision of
change-point estimation. A key assumption is that change points for different time
series follow a common distribution, which relaxes the conventional common-break
restriction while retaining the commonality among series. Furthermore, if each time
series has multiple structural breaks, a special form of the common distribution is
imposed to restrict the joint distribution of multiple breaks. I apply this method to
investigate the volatility decline, or the Great Moderation, in 50 U.S. states. Using
quarterly personal income data, I find that the cross-sectional distribution of break
dates has two peaks, one being around 1984, which is generally recognized as the
start of the Great Moderation, and the other being around 1988, which corresponds
to the stock market crash of the previous year. Only a couple of states showed no
evidence of structural change in the volatility.

It is worth noting that the panel data method is easily adjusted to incorporate
either more similarity or more heterogeneity among different series. In this paper, the
only link among various series is the common distribution of the change points. One
can assume that the model parameters of different series follow a common distribution
by adding another layer to my Bayesian algorithm, especially if strong similarity
exists across sections. On the other hand, one can also loosen the link among series
by assuming different but correlated distribution of the change points. For example,
in the nonreversible Markov chain model, one can assume that different series have
different transition matrices P, which follows a common distribution. These are all

interesting topics to explore.
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8 Appendix: The Gibbs sampling algorithm for

nonreversible hidden Markov chain

8.1 Sampling of the hidden states {szt}ijg and the change
points {k}"} "
The algorithm for sampling {sn};jﬁ is based on a modified version of the procedure
in Chib(1998). Given the common transition matrix P, each series in the panel has
its own dynamics and thus the states are sampled independently series by series.
To fixed the notation, let Sy; = (s;1....54), ST = (sis1...81), Yie = Wit Vit),
and YitH = (Yit1

{Sit}+=1,.7 from the posterior distribution function f(S;r|Yir, 0, P).

......

First, we write the joint posterior density in reverse time order using the condi-

tional probability rule

f(Sir|Yir, 0, P) = f(sir1|Yr, siz, 0, P)x-x f(si:|Yr, SIT1, 0, PYx-x f(si1|Yr, SE, 0, P)
(20)

To sample the hidden states {s;}+—1 7 for any given time series in the panel, we
follow the following procedure. Since we have assumed that there are M structural
breaks for each time series ¢, then s; » = M + 1.

1. draw s;7—1 from f(s;7—1|Yr,sir =M + 1,0, P)

2. draw s; 7o from f(s;r—o|Yr,si7 = M +1,8,7-1,6, P), here s, r_; takes the

value drawn from the previous step.

N-2. draw s;5 from f(s;3|Y7, S3,0, P), where S? take the values drawn from the
previous steps.
The s;; has been fixed as 1. Chib(1996) shows that

F(sie|Yr, SETL 0, P) o< prob(sis|Yis, 0, P) - prob(sisi1]sis, P) (21)
prob(s; t+1]Si+, P) is just the transition probability given P. The first term prob(s; +|Yit, 0, P)

is obtained by a recursive procedure called "filtering" starting from ¢ = 1. Given the
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value of prob(s;—1|Yi—1,0, P), one could update the prob(s;:|Yi, 0, P) following

prob(siy = m|Yi—_1,0, P) % f(yu|Yii-1,0m)

prob(sie = m|Yiy,0, P) = 37— (22)
> prob(s;s = 1|Yi—1,0, P) x f(?/z‘t|Y;,t—1,'91)
=1
Notice that
prob(s;s = m|Yi_1,0, P) (23)

= prob(s;s+ = m|s;1—1 = m, P) X prob(s;;—1 = m|Yi_1,0, P)+
prob(s;y = mlsi1—1 =m — 1, P) X prob(s;;—1 =m — 1|Yi_1,6, P)

Again, both prob(s;; = m|s;+—1 = m, P) and prob(s;; = m|s;;—1 = m — 1, P) are
the transition probabilities.

Given updated {s,t};j¥ , it is straightforward to get {k{”}?leM For any i =

T
Lo Ny kP =K 45 I (s = m).
=1

8.2 Sampling of P

Assume the prior distribution of p,,,, is Beta. And p,,,, and p;; are independent

draws from the same Beta distribution, i.e.
Dmm ~ t.i.d Beta(a,b) (24)

Since all series share the same P, p,,., is the same across sections and one must
use panel data information to update the value of p,..,.
Given updated {sit}ij;g, the posterior distribution of p,,,, is assumed to be

independent from data Y.

Prml{s}i 2177 ~ Beta(a + nypn, b+ 1) (25)

N
Where 1, = > I(sqy = m), and I(s;; = m) = 1 if and only if s;; = m, I(sy =
i=1
m) = 0 otherwise.
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8.3 Sampling of other model parameters

For illustration purpose, I describe the sampling algorithm for the simple model v, ; =

+olsey for 1 <t <k
pos e, - — ' ,i¢=1,..,N, and assume only one structural break.
p+olxey for kf <t <T

However, it is straightforward to apply the same algorithm to more complicated
models. For more than one structural break, just divide the time series into more

regimes and perform the same procedure for parameters in each regime.

In the above two sections, I have simulated the hidden states {szt}iig thus the
change points {kr}fleM as well. To update the common transition matrix P, one
needs to take into account the updated information about {k;”};i:l}j:']'vM for all the
series in the panel. Once that is done, one can update other model parameters such

as (py, 05, ki), 1=1,2,..N, j=1,2, t=1,2 T

Step 1: Given initial values <pl(-?),0izj(0), k:i(o)>, i=1,2,..N, j=1,2,t=12..T

Step 2: Update parameters p;;

©)
ij

,02.(0), kl(o)’mgo))? 1=

Given the initial values of other parameters (,u y

1,2,..N, 7=1,2, t=1,2,..,T and data Y, the posterior conditional distribution of

THET

uP 72O O 7Oy (26)
K 2 (0) (0)
Mito | i1 Y 1 ki 1 ki 1
~ Normal((== + W+ ) (T =) )
oo O’?l(o) oo 0?1(0) oo 0221(0)

720,70, 70,y

Y

T
Hioo Zt:kl@)—&-l yt2 1 T — kz(o) 1 T — ]{TZ(O)

), (5= + )
Ol 0?2(0) 2(0) Ol 0?2(0)

~ Normal(( 5
Ti20 o;

2
ij

Given (,u(l-) k(o),w,ﬁo),X>, 1=1,2,.N, =12, t=1,2,..,T, O'?j(l) has

ij 2™

Step 3: Update parameters o
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the following posterior conditional distribution

ZOIEW FO, 7Oy (27)
£© 1
10 virdig + D pty (Yir — Mz('l))2
i Vil + ka)

)

~ Scaled inverse-chi-square(r;; +

—

0-222(1) |ﬁ>(1)7 k (0)7 ?(0)7 Y
1
~ Scaled inverse-chi-square(v;, + T — k; - o)
vig+ T — k;

Here I choose conjugate priors for each parameter to relieve the computational
burden. If the model bears a more complicated form and conjugate priors are not
available for the model parameters, one can use Griddy-Gibbs sampling or standard

Metropolis-Hasting Algorithm.
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